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Numerous investigations have shown that majority of real fluids cannot be described in

terms of a constant viscosity (Newtonian) model, There exist various effects connected
with elastic properties of these fluids, with the dependence of parameters on shear velo-
city ete,

It is these phenomena, inherently related to the nonnewtonian behavior of melts and
solutions of polymers, that cause irregularities in their flow pattemns and give rise to so
called "elastic turbulence” [1 to 3],

All the flow irregularities exhibit a common characteristic feature, namely they appear
at very small Reynolds numbers (they are very high viscosity fluids), when the usual hydro-
dynamic instability and turbulence cannot take place,

Assumption of the “elastic" character of this phenomenon is well supported by experi-
mental data available, and several authors [4 to 6] use the critical value of a dimension-
less parameter I' = @VL-1 = nG7'VL™, characterizing reversible elastic deformation of
fluid, as the criterion of its appearance, Here 7] is the viscosity, G is the shear modulus,
8 =16 is the time of relaxation while [/ and Z are characteristic velocity and linear
dimension, respectively,

When the accumulated elastic deformation exceeds some critical value (of the order
of 7), then the phenomenon described above takes place, and we can use this as a basis
for another assumption, Just as the inertial forces in a viscous fluid, the elastic forces
act, in viscoelastic fluids as an additional destabilizing factor (the connection between
the elastic terms and additional nonlinearity in equations will be seen later on the model
used). This in turn, leads to considerarion of the possibility of 2 special "elastic”
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turbulence in viscoelastic fluids,

Following the example of [7] dealing with viscous fluids, we can consider the above
problem together with that of hydrodynamic stability of the flow of viscoelastic fluid.

Several authors [8 to 12] have, in recent times, investigated the stability of simple
flows of viscoelastic fluids, but only these stability changes were considered which were
brought about by the action of elasticity when the fluid underwent small deviation from
its Newtonian behavior, i, e, for small values of the elastic parameter [ and only for
these flows, which have already exhibited instability in case of a viscous fluid,

Unlike the previous papers on the stability of flows of viscoelastic fluids, this paper
considers the linear instability of a plane-parallel Couette flow (which is, according to
[7], linearly stable in a viscous fluid) at small Reynolds numbers and large values of
parameter 1" (compare the phenomenon described above and investigated experimen-
tally) i, e, under the conditions allowing the destabilizing influence of elasticity to
manifest itself,

We shall in addition note, that in majority of papers investigating the influence of
small amount of elasticity (low I') on the instability at large Reynolds numbers, destabi-
lization had, in fact, occurred,

1, Equation of small plane perturbations, Let us consider a simple
model of viscoelastic fluid, called Maxwell's model, It has two constants {viscosity and
the time of relaxation) and describes the phenomenon of relaxation of stresses in a
medium, Generalization of Maxwell's model to the case of high rates of deformation
is found not to be single~valued [13] and we shall limit ourselves to a particular case
(see Eq, (1, 2)) assuming, that this equation already contains these basic features which
interest us,

Since the aim of this paper is to prove the instability of a plane-parallel Couette flow,
therefore in the following we shall limit ourselves to the case of plane perturbations,
disregarding the three-dimensional ones, although they are of undoubted interest when
the critical value I, (as &~ 0) is being determined, since for fluids with normat stresses
Squire's theorem on the major role of plane perturhations does, apparently, not hold (see
[41).

So, we shall consider a plane shearing flow between two plane parallel plates, one of
which is fixed, while the other moves with a given velocity I/, We shall denote the dis~
tance between plates by L and in the following we shall employ the rectangular coordi-
nate system with two axes lying in the fixed plane, X5-axis perpendicular to it and Xy
coinciding with the direction of flow,

Equations of motion and continuity of incompressible fluid are

ov, dv; S 93, v,
et a2y, Ty (1.1)

Here and in the following, kinematic pressure D, viscosity V and stress tensor o, are
used and they were obtained by dividing the proper values by constant density,

We shall employ Maxwell's model with a single value of the stress relaxation time,
extended to the case of large deformations by Oldroyd [13], as a model of viscoelastic
fluid, Its rheological equations will be

ds dc, . dv, v, i)
7ij g P % oA v (0% Oy
A A e AR N R (1.2)

and the combined solution of (1, 1) and (1. 2) in case of a steady plane shearing flow
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with usual no-slip conditions yields the following expressions for the velocity vector and
the stresses 20122 -1
V=L, 0),  Jogl=v(*50 VE (1.3)

Let us superimpose on this steady solution, small plane perturbations, which are expo-
nential functions of time and the coordinate X ,

Neglecting the terms nonlinear in perturbations, we can easily reduce the obtained
system to a single fourth order equation,

Selecting the length [ and velocity )/ as characteristic magnitudes (dimension of
mass was eliminated by dividing everything by density), we can obtain that equation in
dimensionless form

[*,D* — 2y, D + 2 — a2, 1[D? + 2ia TD — o2 — 22°T] p +
+ e TRy’ (y — ¢) [D? — @?lv =0 (1.4)

where o(y) exp lia (z — ct)] is the (¥ =L_lx2)-component (proportional to the
stream function) of perturbation velocity,

=LY%, D =d/dy, Y =Y — ¢ — ia '[!
and finally R = VL v~ and I' = OVL™ are the Reynolds number and a dimension-
less "elasticity parameter”, the latter indicating the amount of accumulated elastic
deformation in the shearing flow,

It should be noted that the linearized stability problem can be solved as an initial
value problem, using Laplace transforms with respect to time and Fourier transforms along
the longitudinal coordinate,

Moreover it can be shown, that such a formulation of a problem is, as in the case of
viscous fluid [7], equivalent to the analysis of instability in terms of elementary wave
solutions, New solutions of an eigenvalue problem emerging here corresponding to the
continuous spectrum, decay with time,

We shall mention an interesting circumstance influencing our choice of model equa-
tions of state of viscoelastic fluid, Out of all possible generalizations of Maxwell's
model to the case of high rates of deformation, we have chosen the equations of a "con-
travariant” model (1, 2),

Equations of a "covariant” model
9s.; 95, v v 1 v [Ov; v
1 i N P L. S WL Sy S S
al + va axa + axi caj + 61‘] Gal + e 613 e (axJ + (91'1>
present another possible generalization,

For a steady Couette flow, the stress tensor differs from (1, 3) and has the form
‘ 0 Vi1 )
foigl=v (VL‘I —20VL2

nevertheless equations of plane perturbations are exactly the same as in case of a con-
travariant model, i, e, Eqs, (1, 4).
The latter should be solved under the usual boundary no-siip conditions
v0)=Dv(0)=v{A)=Dv(1)=20 (1.5)
Since (1, 4) with (1, 5) cannot be solved in its explicit form, we shall consider several

asymptotic solutions of this equation, In the following we shall only consider the case
R << 1 which is of practical interest, and which corresponds to the case of flow of elastic
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fluids of high viscosity, We shall also assume that the elasticity parameter I is not
small (T' >z 1). As we know, in such problems we must determine the connection
between the parameter (0, taken as an eigenvalue of the problem (1. 4) and (1, §) and
other parameters of the problem which are: wave number G , Reynolds number R and
the elastic parameter I', We shall therefore consider several cases, making. various
assumptions about the quantity lc .

2, Linear stability of s plane,inertialess Couette flow of Max-
wellian fluid, Let|c|=C 4. Taking the previous assumption that 7 « 1 into
account, we easily see that in this case we can neglect, in (1, 4), terms containing Rey-
nolds number R ., Eq, (1.4) will then become

(y,2D* — 2y, D + 2 — 0?y,3) (D* + 2iaTD — a® — 203y = 0
Basic system of solutions of this equation is
vy = (y — c)ev, vy = (y—c) eV

vg=exp ol (—i+ YTFT Yyl  ve=exp—al i+ YIFT Ny

Fulfilling the conditions (1, 5) is equivalent to equating to zero the characteristic
determinant (8 = (1 + I‘"ﬂ)’/:)

— O U, 1 i
{—ac 1+ac al* (B—i) —al' (B+ i)
(1 —c)e® (A —c)e® (2T (B-1) =T @) =0

H4al—e)]e* [I—a(l—c)]e® ol (B—i) T  __ar (B 4 i) el B+)

which on expansion, yields an equation quadratic in ¢ , whose solution is

='+iAd+Vi—4A*+ B
A= o sinhq sinhtBI° — oBT sin al’ 9.4
" 20%3T feoancteoshaT .— cos o' — Blunh G unhaBl) @1
B - 2Bl sinhacoshafl 4 a?RT" cos al' — (ooshdt sk &)sinhaBT
20337 [costict cosh a1 ~— €08 &I — BT sinhdsianaBl]

It is easy to confirm that the numerator of 4 in (2, 1) is positive and becomes equal
1o zero only when @ = 0 or [ = 0 ; denominator of 4 is a negative and becomes equal
to zero #1so when @ = 0 or when I = 0,hence 4 <0,

Then, it follows from (2, 1) that the condition of instability Imc = 0 is realized only
when Bé-i}. The latter will be true, if the function

D (¢, 2) = 27 sinh & cohz -+ Az (coshtt cosb 2 -+ cosy z? — al) —
— 2 unh O sish 2 — 2aiabz (snb@ + & cov@), 3z = a (1 4+ I?)% (2.2)
becomes equal to zero,
Definition of Z infers that & is defined in the region {@= 0, 220} (here and in

the following, as we can easily show, it is sufficient to consider the values @ > 0 only),
Differentiation of $(a@, &), with respect to 2 , yields
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R z2sin P2 a? A
D, =a (cns Vit —at— ——V%/w— —— — cosh cosnz‘) -
22— g2
tanhz  tanh?t
+ OCchoshavcoshZ (**z"* — —E'*} (23)
\ / :

: . -1 :
Since the function & “tanh Z is monotonously decreasing when 2 > 0, then the assump-
tion that & >@ implies that the second term in (2, 3) is negative, Taking into account
an additional fact that the first term of (2, 3) is negative, we conclude that @z <0 for
fixed @ > 0, Since it follows from (2, 2) that when Z=0Q
D|.x =2 (0 —sin? a) <0

then i’(a, Z) < 0 in the region {(Z >0, 22Q } and this imples that Imc < 0 when
a > 0,1, e, solution of the problem Iis stable in the inertialess approximation.

3, Perturbations in presence of high frequency oscillations, We
shall now consider the case when [C | > 1, Then, as we can easily see from (1, 4), both
terms in this equation will be of the same order, if

golc ~ 1, e = R <1 3.1)

Now, |e | > 1 implies that @l «E:“l, We shall seek the eigenvalue ¢ and solution

U in the form of a series used in the perturbation theory

c = e1s, s= 8 + &8y + ..., v = v, + ev; + ... (3.2)

Expansion of the coefficients in (1, 4) into series in €, yields
Loy = (D* — 02 [D*+ 2ial'D + o2 (2, — 2 —TI73)] v, =0 (3.3)
Ly, = [2(i/s) D (D?+ 2ial'D — a? — 222I*) 4 al's (1 4 2al'y) (D? — a?)]v,
which can be solved with initial conditions (1, 5). In the expression for U; we have for
convenience retained the parameter 8 = 8g + €83 + .,. with the understanding that this
expansion will be included in the characteristic determinant during the final stage of

computations,
Let us inspect the solution of our problem in the zero approximation, Basic set of
solutions has, in this case, the form
eay, gy, ei“‘(y—l)!/, e-ial (v+1)u, T = (802 — r-—z)‘/z) (3.4)

Equating to zero the characteristic determinant of the system, we obtain

1 1 1 1 |
¢ —a al (Y —1) — il (y+1) ‘

O i) {: 0 (3.5)
ae®  —ae™®  ial (1 —1)eP 0D gl (y 4 1) LD

which, on expansion, yields the dispersion relation

[1 + T2 (1 — 9?1 sin al'y simh o — 2I'y (cos al'y comar — cosal) = 0  (3.6)
possessing no solutions on the imaginary axis Y. All its solutions except for five trivial
ones v =0, ¥ =414l (3.7)
expressing the linear dependence between the solutions (3, 4), lie on the real axis, spaced

at the intervals approximately equal to TT (exceft four of such intervals). Applying
Rouche's theorem on roots of analytic functions to (3, 6) we see, that the roots listed
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above account for all the roots Y, of (3,6), Thus, apart from the trivial ones, all the
roots Yy are real, the corresponding eigenvalues Sg, are purely real, and to obtain the
solution of our problem we must investigate the following approximation of the pertur-

bation theory,
As we mentioned before, linearly dependent solutions of the first equation of (3, 3)

correspond to the roots of (3, 7), 1t can be shown, by constructing in the usual manner
linearly independent equations corresponding to these roots, that the characteristic deter-
minant cannot, in this case, become equal to zero, i, e, numbers (3, 7) will not be the

eigenvalues of the problem,
Consider now the solution of our problem in the first approximation, Egs,(3, 3) easily

yield the basic set of solutions, which is
vy = e (1 + eay), ve = e (1 + eay)
= eal-1u[l 4 ¢ (b'y + ey?)]
vy = e N V[1 4 g (by + &y?)]

P ey Ll
T s efari—2 €=ty
s s2—4 _
b =(1—17) 53 o 2; b (s, 1)=0"(s, —7) (3.8)

where 5 and 8_ are the complex conjugate of @ and €,
If the boundary conditions (1, 5) are fulfilled, then the characteristic determinant

becomes equal to zero

o’ va’ vam” vy

Vi Va0 Vg l
vie Ve  Ua Vg

A = (=0 (3.9)
U311 Va1 291 41 i

=

Usual system of indices is adopted here, first subscript in Dy corresponding to the
consecutive number of solution, the second one to the value of /= 0,1, A prime denotes
a derivative with respect to Y.

The following computation scheme is adopted, Inserting (3, 8) into (3, 9) and expand-
ing the determinant into a series in € , we obtain

A, T,s 8 =27 (T, s)+ eA (@ T, s) + ... (3.10)

Let us recall that,by (3,2), 8=85+ €83 +... . Then, expansion of 8 in (3, 10)
yields
AT, s, 8) = Ag (@, T, o) + & {5:0/0580 (&, T, 8) |5, + A, (@, T, 53)} + O (e2)=0

Putting A, (¢, T, s;) = 0, we obtain

§ = — Ay (a, T, sp) [8/3s Ay (2, T, 5)172 (3.11)
Expanding (3, 10) into a series in € we easily see that the form of A, (@,.T, so),
suitable for computation, is

A1=[ 94y _+ 8Ao+b+ 6Ao T 6Ao+ 3Ao ..B’Ao"

Ama i
omy om; Omy Iy
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1 1 1 1
my msa mg my

Ao (my) = ™ & o™ g™ ==
mlem' mzem' m;;em’ m‘eﬂl.

= (mg — ms) (ma — ma) (™™t ™M) L (g — my) (mg — mg) (€™ L
+ ™) - (mg — ma) (my — my) (€T | gMe¥ )
m’=a m’=—=qa, m=iall(y—1), m=—ial' (t+1)
After a lengthy calculation following the scheme based on (3, 11), we obtain the

required connection between Img; and the parameters @ and I of the problem, as a
pair of transcendental Egs, 2l Im sy 4+ 1 =
1 3

4Iey3 ay sin al' (siahe sin al'y)™? — 1 3142
T1FT I (alf 1or al'y — 1) (1 4 T2 — T'?y2) 4 2I'293 (& coth & — 1) ( )

F= (14 I — I'*"?) goh & sin aI'y — 2 I'y (conat cos al'y — cos al') == 0

Let us examine the basic properties of these Eqs, Dividing the second Eq, of (3,.12)
by o %sinhg sin al'y (sin ul"y == (0, apart from a trivial case of Y = 0) and putting
al'y = z,, we obtain

3 2) g2 — _ _cosal'
o (1 + T?) — 2* = 202 com & { ot 2 o) (3.13)

Since for 2 = 0 we have

0t (1412 > 2a cothd(i ——GOS“P>

coshl
we easily see that the first root of (3,13) 2, <1, When 22<L0? (1 + I?) (z> n)
the roots 2 (&, I') of Eq, (3, 13) are spaced at the intervals approximately equal to .

Analogous situation arises when 22> a? (1 + TI'?),and 2~ AT as -w . Accord-
ing to the Rouche’s theorem mentioned before, if kn < z < (k -+ 1) n and
z2 > a® (1 + I'?), then there are (% - 2) roots of this Eq, on the interval [0, &].
Two roots are lost in the vicinity of a point z = a (1 + T'®)2 (they are included
amongst the trivial roots (3, 7)), Applying again the Rouche’s theorem we can easily
show that [0 F(za, r)] _ [Fz,] >0

L0z sinz —al'y sinzl,_ary
in which 7' is given by the second expression of (3, 12),

We can show however by direct calculation that the denominator of the right-hand
side of the first Eq, of (3. 12) differs from F’, (a, T, y) (sinaT¥)™ by a positive mul-
tiplier only, therefore it is also positive, From this it follows directly that Im8; < 0 on
the lines @I" = A TT, i, e, on these lines we have stability, By means of more cumbersome
calculations it might be shown that we also have stability on the lines @ = AT7/2, This
supports an assumption, not fully proved, that the problem is stable in the considered
approximation, 3 -3

Thus we have shown that the solution of our problem is stable on the plane R %=0
of the _?arametnc spacef?%l" -% @, . This apparently occurs also on the plane

RIT " = e<<1 of the reglon al‘< &1 , In the next Section we shall consider
such an asymptotic expansion, which will allow us to investigate the region of large

values of al' (@l ~ &71).
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* 4, Pro f of the instability, Assuming, as before, that the parameter
€ ]?% is small, we shall consider the region of variation of the remaining parame-
ters @, L and ¢, the region connected with the size of € in the following manner

al ~T?~ e3> 1

Since the terms of (1, 4) containing 7 disappear when |¢| <C 1 and the equanon
reduces to the stable case already considered, we assume that IC l »1andg=€" S
where s==85,+ es; + ...

Then, expanding the coefficients of (1. 4) and neglecting the infinitesimals of the order

higher than second, we obtain
D + 2ial'D% ~+ a® (—2—2I -+ I'?s® — 2eIys)D —
— 20T (ia + & Z) Dy —at (T2t — 22— 1 — 2eT%ys) 0 =0 (41)

If only the biggest terms were retained, then the equation would become the first Eq,
of (3, 3), already considered,

By the previous argument, all the roots Yx = Vsat—1—T"% lie on the real axis
and, apart from two roots, have an approximate separation of 7t (&)™

Therefore, the imaginary part of S should be sought in the next approximation and
we can investigate the following particular case (with a suitable choice of parameter
al’, when ¥ coincides with one of the roots Yy)

=2(1+eE+..)

Then, with the previous accuracy, Eq. (4, 1) becomes
D' + 2 ial'D% — 202 (1 + eT% Y 2 — eI'2E) D% — 20T (iaw & el'y 2) Do +
4ot (14 2V 2el?y — 2eI?E) v = 0 (4.2)

Since the latter has nonanalytic solutions (in terms of the parameter € « 1), we shall -
seek them in the form
v= expSg () dy

Further, inserting for ¢ the expansion

g =10, +ag,y + g +atg +ag + ..
we shall obtain, within the previous accuracy (up to the order of €), the following solu-~
tions:

V1 = exp [— 2ialy 4- i{r(i +-el™ ﬁy—’ZsI‘*&)y](i + 0 (—;—))

vy = exp lay]l (1 + 0 (Ya))

v =exp [—ayl (1 + O (1/a) (4.3)
Vg = exp[—— i % (1 4 eI 'Viy—2el‘2§)y]<i + % + 0 (%))

Constructing from these solutions a characteristic determinant (3. 9) and equating it
to zero, we obtain
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| 1 1 1 q

f& —_— n-+ A — - i

2 & Pl e-q-iar’ P-—‘ﬁ_fg r e {}
{ : ) . -

Laet —ae™t (e T (g T

where
A= = ial 4 YyioTe ' 2
=—ial T oiale V2, = iol — Yeiel (1 4o )/ 2eT? — 2eT2E)

if we now neglect, in this determinant, the terms of the order of unity and of & in corm-
parison with ¢* in the first two columns and terms of the order of unity in comparison

- ™ - g - -
with @l , then the simplified determinant will become

% 0 1 i G ;
Lo — T
s : '
1 0 pfil 1 =0
a0 (b el et

which on expansion yields
(m — iel)smn = (@ + fal'e ] ¥ 2) comy
putting § = €, + LE; we obtain 7= T, + {7 where
My = — al'ek,, q, = ol — % (14 ¥V 2eT2— 2eT2%,) (4.5)
Further, assuming that
c=4el Y2V b+ e V2 2V 254+ 0()

we shall have

«

o~
fracn
S

V2 — % V2
Ime=+78=Fr 1 (4.6)
Separating (4. 4) into real and imaginary parts, we obtain a system of transcendental
equations, easily reducible to
_ dale/ V2 — (1, — al)taany,
i 1), — Citanh?),

an, 4= alg (1, —al)/ V2

o2 _§_ nrz + ljﬂaﬂr232 + (ni —— ur‘)z

From the second Eq, of (4, 7) we can infer, in accord with the previous assumption that
(n; — al') ~ 1 and eal' ~ 1,this equation can be written in a simple form

2a, cosh 21}, -1
R or o=~ Y}r ——'_"”2——
o* 5 1, sinh 41,

By the previous assumption @ >» 1, therefore My#s@. First Eq, of (4, 7) yields the
following expression for 1)y

wn 7; = (20)7tex* | 4 al'e / V2 — (n; — ol)wama]

and we easily see that its roots are (r); — aI') ~ 1. From (4, 6) we have

(&.7)

mznr =2

tanb 21) =

Ime~+ (4.8)

1
2 Virs
and from it we see that in the parametric space under consideration, increasing perturba-
tions exist, with an amplitude proportional te
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exp S
2 V2RT

Thus we have shown that in the parameteric (a, I', R':I'-':) space (on the plane
RY'T-: = ¢ << 1 inthe region al' ~ &', a ~ T') instability occurs, with suffici-
ently large index of growth of perturbations, Question of boundaries of the region of
instability and of the critical values of parameters I” and /7 characterizing the onset of
instability, remains open,

Our results show that unlike the case of viscous fluid for which plane-parallel Couette
flow apparently exhibits linear stability, in case of our model of viscoelastic fluid such
a flow is found unstable, This instability caused by the elasticity of fluid differs basi-
cally from the usual instability of a viscous fluid by the fact, that it occurs at quite small
Reynolds numbers and high wave numbers,
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